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Sharp lower and upper bounds for the Wiener index (W) of a connected (n, m)-graph are reported;
n=number of vertices, m=number of edges. The mean isomer degeneracy of W is estimated and is
shown to unboundedly increase with increasing n. Thus the isomer-discriminating power of W is
confirmed to be very low in the case of large molecules.

Introduction

The sum of all distances in a molecular graph is a
structural characteristic of the carbon-carbon skele-
ton of organic molecules which attracted much atten-
tion of theoretical and mathematical chemists. This
topological index was first introduced by Wiener in
1947 [1, 2] and, in a slightly different form, by Hosoya
in 1971 [3] and by Rouvray in 1975 [4, 5]. It is usually
called the Wiener index and is defined as

W=WwW(G)= 3 d(u,v),

where d (u, v) is the distance (=the length of the short-
est path) between the vertices u and v, and where the
summation goes over all pairs of vertices of the
(molecular) graph G. Recall that the graph G is as-
sumed to be connected.

The Wiener index has been used to model a consid-
erable number of physico-chemical properties of or-
ganic compounds, especially of alkanes. These are
boiling points [1, 2], heats of isomerization and vapor-
ization [6], critical constants [7], viscosity and surface
tension [5], chromatographic retention times [8, 9] and
ultrasonic sound velocity [10], to mention just a few.
By means of the Wiener index it was possible to estab-
lish the mean conformation of long-chain alkanes
near their boiling point [11]. Application of W in poly-
mer science [12] and in the physical chemistry of solid
state [13, 14] were also reported. Further details of the

Reprint requests to Prof. Dr. Ivan Gutman, Faculty of Sci-
ence, P.O. Box 60, YU-34000 Kragujevac, Yugoslavia.

chemical applications of the Wiener index can be
found in the reviews [15-17].

In the theory of topological indices [17] it is desir-
able to have a high isomer-discriminating power,
namely that the topological index has different numer-
ical values for isomeric species. Because none of the
numerous topological indices put forward to date [17,
18] can completely distinguish between isomers, the
so-called mean isomer degeneracy p was proposed [19]
as a measure of the isomer-discriminating power. Let
N be the number of chemical isomers that possess
non-isomorphic molecular graphs, and let ¢t be the
number of different values assumed by a certain topo-
logical index I. Then [17, 19]

u=N/t. (1)

Since the molecular graphs of all isomers have equal
numbers of vertices (n) and edges (m), it is evident that
N can be considered as a function of the graph invari-
ants n and m. Consequently, u is fully determined by
n, m, and the actual form of the topological index I.

If the topological index I is capable of fully charac-
terizing the molecular (n, m)-graphs, then u=pu(n, m, I)
is equal to unity. Otherwise, the mean isomer degener-
acy of I is greater than one. In the case when I=W,
empirical studies revealed that p(n, m. W) assumes
quite large values [18—22]. In the present work we
support these empirical findings by appropriate mathe-
matical arguments. In particular, we demonstrate that
with increasing value of n, the mean isomer degeneracy
of the Wiener index becomes arbitrarily large and
tends to infinity.

In what follows u will always denote the mean iso-
mer degeneracy of the Wiener index, for the class of
(molecular) graphs with n vertices and m edges.
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Bounds for the Wiener Index

The basic mathematical properties of the Wiener
index were established in a number of recently pub-
lished works [23—-27]. It is well known (and easy to
prove) that for any connected graph G with n vertices

W(K,) = <;> <W(G) <W(B)= (nJ;l)» 2

where K, and P, denote the complete graph and the
path, respectively, with n vertices. Equality signs in the
relations (2) occur only if G=K, and G=P,, respec-
tively.

The above bounds hold for all connected graphs
with n vertices, irrespective of the actual number of
edges. If the consideration is restricted to classes of
graphs with n vertices and m edges (with m being a
fixed number lying between n—1 and n(n—1)/2), then
the following two results have been obtained [23, 28].
Recall that the diameter of a (connected) graph is the
maximum distance between any two of its vertices.

(a) Among connected (n, m)-graphs, the graphs having
minimal diameter have minimal Wiener indices [23].
(Note that if m<n(n—1)/2, then the minimal diameter
is equal to 2, whereas in the case of the complete
graph, m=n(n—1)/2, the diameter is equal to 1.)

(b) Among connected (n, m)-graphs, the graph having
maximal Wiener index has also maximal diameter [28].
(The (n, m)-graph having maximal diameter is the so-
called path-complete graph, PK, ,, [29], whose struc-
ture 1s described below.)

We now point at an interesting property of the
minimal-diameter (n, m)-graphs: All such graphs have
equal Wiener indices.

Really, in a minimal-diameter (n, m)-graph there are
m pairs of adjacent vertices (whose distance is 1) and

n
<7 —m pairs of non-adjacent vertices (whose dis-

tance is 2). Therefore the Wiener index of such a graph
is equal to

1><m+2xli<’;>—m}:n(n—1)—m (3)

and is thus fully determined by n and m.

The maximum-diameter (n, m)-graph PK, ,, is con-
structed according to the following recipe [29]. Let
¢=m—n+1 be the cyclomatic number of the (n, m)-
graphs considered. Denote by P, the path with n ver-
tices and label its vertices by 1,2,...,n so that the
vertices i and i+ 1 are adjacent, i=1,2,...,n—1. Re-
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n+1
call that W(R,):( : )

If ¢=0, then PK, ,,=F,.

If ¢>0, then PK, ,, is obtained by adding ¢ new
edges to P,, connecting the first ¢ pairs of vertices in
the below scheme:

(1,3)

(1,4) (2,4

(1,5 2.5 (3))

(1,0 (2,0) ...(1—2,10)
(I,n) 2,n)...(n—2,n).

For instance, if ¢=35, then PK, ,,
connecting in P, the vertex pairs (1, 3), (
(1,5) and (2, 5).

In order to calculate W(PK, ,), observe that by
introducing the edge (1, 3) the Wiener index of P, will
be diminished by n—2. By introducing either the edge
(1,4) or (2, 4) the W-value will be further diminished
by n— 3. In the general case, the introduction of each
of the edges in the i-th row of the above scheme dimin-
ishes the W-value by n—i— 1. Consequently,

is constructed by
1,4), (2,4),

W(PK,,_,")=<H;1>—[1 (=2 +2-(—3)+...

+k-(n—k—1]—j  (n—k—=2),

where k and j are the (unique) integer solutions of the
equation
k(k+1)2+j=c; 0<j<k.

A lengthy, but elementary algebraic manipulation
leads then to the formula

W(PK"J,,):("H)—C‘”)— (n—k—2)(m—n+1),

3 3
where (4)
k=int[(|/8m—8n+9—1)/2] (5)

and where int [x] denotes the integer part of the num-
ber x.

Combining the formulas (3) and (4) we arrive at one
of the main results of this paper: Let G be a connected
graph with n vertices and m edges and let the parame-
ter k be given by means of (5). Then the Wiener index
of G is bounded as follows:

nmn—1)—m<W(G)

12
s<":1>—<l‘§“>-(n—k—2)(m—n+1). 6)
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The bounds (6) are sharp because there exist (n, m)-
graphs for which the equality signs apply, namely the
above described minimal- and maximal-diameter
graphs.

Estimating the Mean Isomer Degeneracy
of the Wiener Index

The bounds (6) imply that the number of distinct
values which the Wiener index may assume cannot
exceed t¥*,

« | (nt1 k+2
t —K 3 )—< 3 )—(n—k~2)(m—n+1)}

—[n—=1)—m]+1. (7)

Evidently, t* is an upper bound for the quantity ¢ in
(1).

In order to estimate the mean isomer degeneracy of
the Wiener index we have to find also a lower bound
for the number N of connected (n, m)-graphs. A very
rough such bound is obtained by means of the follow-
ing reasoning.

By Cayley’s celebrated theorem, there are precisely
n"~ 2 labeled trees with n vertices [30]. Since every tree
can be labeled in at most n! distinct ways, there are at
least n"~%(n!)”! (unlabeled) trees with n vertices.

Let G be a connected (n, m)-graph and c=m—n+1
be its cyclomatic number. The spanning trees of G are
obtained by deleting ¢ edges from G. Since ¢ edges in

- /m m
G can be chosen in =
m & n—1
1 spanning trees. On the other hand,
n—
every n-vertex tree is a spanning tree of some (n, m)-
graph. C?nsequently, there are at least [n"~2(n!)™!]

( m
n—1

ways, the graph G

has at most

) nonisomorphic connected (n, m)-graphs. In
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